In this paper we examine the local power of unit root tests against globally stationary exponential smooth transition autoregressive [ESTAR] alternatives under two sources of uncertainty: the degree of nonlinearity in the ESTAR model, and the presence of a linear deterministic trend. First, we show that the KSS test (Kapetanios, G., Y. Shin, and A. Snell. 2003 . "Testing for a Unit Root in the Nonlinear STAR Framework." Journal of Econometrics 112: 359-379) for nonlinear stationarity has local asymptotic power gains over standard Dickey-Fuller [DF] tests for certain degrees of nonlinearity in the ESTAR model, but that for other degrees of nonlinearity, the linear DF test has superior power. Second, we derive limiting distributions of demeaned, and demeaned and detrended KSS and DF tests under a local ESTAR alternative when a local trend is present in the DGP. We show that the power of the demeaned tests outperforms that of the detrended tests when no trend is present in the DGP, but deteriorates as the magnitude of the trend increases. We propose a union of rejections testing procedure that combines all four individual tests and show that this captures most of the power available from the individual tests across different degrees of nonlinearity and trend magnitudes. We also show that incorporating a trend detection procedure into this union testing strategy can result in higher power when a large trend is present in the DGP.
Introduction
There exist several areas of economics where economic theory suggests a variable should be stationary, but standard Dickey-Fuller [DF] tests fail to reject the null hypothesis of a unit root. Perhaps the most obvious example of this phenomenon occurring is with exchange rates. If variations in real exchange rates represent deviations from Purchasing Power Parity (PPP), then the finding of nonstationary behaviour in real exchange rates undermines the existence of a long-run tendency to PPP (Taylor, Peel & Sarno, 2001 ). This conflict between economic theory and empirical results has led to concerns that, for the purposes of unit root testing, a linear time series framework might provide an insufficiently rich description of the underlying dynamics of many series.
A number of papers have found theoretical justification for modelling certain economic time series as nonlinear processes. For example, inter alios, Sercu, Uppal, and Van Hulle (1995) develop equilibrium models of real exchange rates in the presence of transaction costs, and show that the introduction of transaction costs results in a nonlinear, rather than linear, adjustment process towards PPP. A particular type of nonlinear model, the smooth threshold autoregressive (STAR) model, has received much attention in the literature [for a review, see van Dijk, Terasvirta, and Franses (2002) ]. The STAR framework allows for a smooth transition between two autoregressive regimes such that the process exhibits a sharper mean reversion when it suffers from larger deviations away from its equilibrium but, for smaller deviations, displays more persistent, unit root type behaviour. Michael, Nobay, and Peel (1997) argue that not accounting for STAR nonlinearity in unit root testing may explain the failure of previous studies to reject a unit root null in favour of the PPP hypothesis. Evidence therefore suggests that this form of nonlinearity may provide a more appropriate framework within which to test for unit roots for various economic series. Kapetanios, Shin, and Snell (2003) [KSS] propose a test of the null hypothesis of a unit root against the alternative of a nonlinear, but globally stationary, exponential STAR (ESTAR) process. Under this alternative hypothesis it has been shown that KSS has power gains over the standard DF test, particularly where the process is highly persistent. The KSS test has subsequently been widely used in empirical applications on a variety of economic series such as, inter alia, real interest rates (Baharumshah, Liew & Haw, 2009; Guney & Hasanov, 2014; Tsong & Lee, 2013) , GDP (Beechey and Osterholm (2008) and Cook (2008) ) and current account balances (Akdogan (2014) and Chen (2014) ). Demetrescu and Kruse (2012) [DK] compare the KSS test to the linear DF test and show that the size of the error variance has an impact on their relative power performance against local ESTAR alternatives. In situations where the degree of nonlinearity is small relative to the error variance, the DF test can have superior local asymptotic power. In contrast, when the degree of nonlinearity is large relative to the error variance, the KSS test maintains a power advantage over DF. DK therefore argue that combining inference from both DF and KSS tests, along the lines of the Taylor (2009, 2012) union of rejections testing approach, could provide a successful strategy for unit root testing against ESTAR alternatives. In this paper, we formally consider such a union of rejections approach, whereby the null hypothesis is rejected if either of the individual DF or KSS tests reject, subject to a critical value scaling that ensures the empirical size of the overall procedure is equal to nominal size asymptotically. We find that a union of rejections approach is able to capitalize on the respective power advantages exhibited by the DF and KSS tests under different DGPs, and can offer high levels of power across all degrees of nonlinearity.
Most economic time series are not characterized by zero-mean processes, but instead contain non-zero means or possibly non-zero means plus linear deterministic trends. KSS suggest accommodating these deterministic features by prior OLS demeaning or demeaning and detrending of the data. In empirical applications, inference made from KSS unit root tests will often depend on the deterministic specification assumed. For example, Christidou, Panagiotidis, and Sharma (2013) consider the persistence of carbon dioxide emissions. They employ the no deterministic, demeaned, and demeaned and detrended KSS tests on a set of 36 countries. At least one of these three tests is able to reject the null hypothesis for the vast majority of countries. However, inference depends on whether or not a mean and trend are accommodated in the deterministic specification of the unit root tests. Kisswani and Nusair (2013) investigate the dynamics of real oil prices in seven Asian currencies plus the US dollar, using the same three KSS specifications. Again, they find that they are able to reject the null hypothesis of a unit root in most cases using at least one test, but that the three different KSS specifications provide conflicting results.
In situations such as these, where inference depends on the choice of deterministic specification, a practitioner uncertain about the presence or otherwise of a trend must choose which test to employ. A risk-averse strategy might be to always employ trend-invariant unit root tests. However, Marsh (2007) shows that, in the case of standard DF tests where data is generated by a linear AR process, the Fisher information for a test statistic invariant to a linear trend is zero at the unit root. Consequently, when a trend is absent, the power of a unit root test that is invariant to a trend will be compromised relative to the power of an appropriate demeaned but not detrended test statistic. Harvey, Leybourne, and Taylor (2009) show that these power losses can be substantial, therefore opting to always use the trend-invariant test is a costly strategy. Conversely when a trend is present, the power of a DF test that is demeaned but not detrended is shown to decrease as the magnitude of the trend increases. Motivated by these considerations, in this paper we not only examine the power performance of a union of rejections based on demeaned tests and a union of rejections based on demeaned and detrended tests, but also consider a union of rejections based on all four possible tests (i.e. demeaned DF and KSS tests, and demeaned and detrended DF and KSS tests). This union procedure is shown to achieve attractive power levels across all settings of the trend coefficient.
In a related setting, Harvey, Leybourne, and Taylor (2012) note that use of information regarding the presence of a trend can be applied to reduce the number of tests entering the union of rejections when it is clear that a trend exists, allowing more power to be achieved. We therefore consider a variant procedure where the Bayesian Information Criterion (BIC) is used to determine whether there is evidence of a trend. When the BIC suggests a trend is present, the procedure employs a union of rejections of only the two demeaned and detrended DF and KSS tests, while otherwise all four tests are used in the union of rejections. Finite sample simulations show that this approach is indeed able to improve on the power offered by the simple four-test union of rejections when the magnitude of the trend coefficient is large.
Finally, we apply the union of rejections procedures considered in this paper to energy consumption data across the period 1980-2011 for 180 countries. We find that the union of rejections procedures are able to capitalize on the differing rejections offered by the four individual tests, and at both a 0.10 and 0.05 significance level, the BIC-based union of rejections procedure achieves rejections for more countries than any individual test (or other union of rejections procedure) considered in this paper.
The outline of this paper is as follows. In Section 2, we briefly outline the ESTAR model and the KSS and DF tests for a unit root. Section 3 presents the limit distributions of the four individual tests under a local ESTAR alternative for both local to zero and fixed magnitude trends. In Section 4 we present asymptotic power simulations and outline the different union of rejections procedures that we propose. Section 5 considers the finite sample performance of the proposed test procedures, and the empirical application to energy consumption data is given in Section 6. Section 7 concludes.
Unit root tests and the ESTAR model
We write the univariate STAR model of order 1, i.e. a STAR(1) model, as
where ε t ∼ iid(0, σ 2 ) and y 1 = O p (1), and ρ and γ are unknown parameters. KSS adopt an exponential transition function of the form
where θ ≥ 0. The delay parameter, d, measures the time taken for the transition process to begin reverting an economic variable back to its long run equilibrium. To simplify, we set d = 1 throughout this paper, as do KSS.
1
The exponential transition function is bounded between 0 and 1, i.e. G:ℝ → [0, 1] has the properties
and is symmetrical around zero. The function also implies that for θ = 0 and θ → + ∞, y t reduces to a linear AR(1) process, while nonlinearity is present for 0 < θ < ∞.
In what follows, we make the distinction between the magnitude of the nonlinearity parameter θ and the degree of nonlinearity manifest in the y t process. Since the model for y t reduces to a linear process when θ = 0 or θ → + ∞, an increase in the magnitude of the nonlinearity parameter does not translate to a monotonically increasing degree of nonlinearity in the process. For very small and very large magnitudes of θ, the degree of nonlinearity will be relatively small, while relatively large degrees of nonlinearity will be associated with intermediate values of θ.
The exponential STAR (ESTAR) model can then be written as
where ϕ = ρ −1. Imposing ϕ = 0, i.e.
implies that y t follows either a unit root or globally stationary process, and we consider testing the null hypothesis that y t follows a unit root process, given by γ = 0 or θ = 0, against the alternative that y t is nonlinear and globally stationary, i.e. θ > 0, with −2 < γ < 0 by assumption.
2
Since γ is not identified under the null, KSS take the first order approximation of the Taylor expansion of the ESTAR model yielding the auxiliary equation
KSS then test the hypotheses
wherêis the OLS estimate of δ from (2) and s.e. (̂) is the corresponding standard error. The KSS test for a unit root is clearly similar in form to the DF test, with the DF test statistic the t-statistic for testing δ = 0 in the regression
as opposed to (2). KSS suggest that a non-zero mean can be accommodated by using the demeaned data y μ,t = y t − ȳ, where ȳ = T −1 ∑ =1 . We refer to a test using this demeaned data as KSS μ . Both a non-zero mean and a deterministic (linear) trend can be accommodated by using the demeaned and detrended data , = −̂−̂whereâ nd̂are the OLS estimators from the regression y t = μ + βt + η t , t = 1, …, T. We refer to this test as KSS τ . Similarly demeaned and detrended DF tests are denoted DF μ and DF τ . We focus on these four tests throughout this paper. Note that to illustrate the core results, our analysis assumes that ε t is not serially correlated; this assumption can be relaxed along the lines of KSS, where additional serial correlation is permitted to enter the model in a linear fashion, provided the usual lag augmentation is applied to the DF and KSS tests, i.e. including lags of Δy t (or Δ y τ,t in the demeaned and detrended case) as additional regressors in (2) and (3).
Asymptotic properties of tests
To consider the behaviour of the unit root tests discussed in Section 2 when data is generated by an ESTAR process, and to examine the effect that a linear deterministic trend has on the power of these tests, we consider a local to unity alternative form of the ESTAR DGP given in (1). DK consider a local alternative by setting = − (c > 0) in (1). This is the natural framework to evaluate local power, since under such a setting, u t is a local to unit root process, and it is well known that standard DF tests have non-trivial asymptotic power against this type of local alternative, with T −1 being the appropriate Pitman drift. However, in the nonlinear model, the alternative DGP is characterized in an additional dimension due to the unknown parameter θ. In order to prevent the nonlinear ESTAR component from becoming asymptotically negligible, DK show that θ needs to be non-zero, but order T −1 . We also introduce a scaling by σ 2 , so that the magnitude of the nonlinearity parameter is measured relative to the variance of ε t , and ensuring that σ 2 does not appear in the limit distributions that follow; specifically, we set = 2 2 . Allowing for a non-zero mean and linear trend, our ESTAR DGP is
where ε t ∼ iid(0, σ 2 ) with finite fourth order moment, and u 1 = O p (1). The exponential transition function can be written as
Adapting results from DK, the partial sums of ε t and u t have the following limit distributions
where X(r) is the diffusion given by the stochastic differential equation
with X(0) = 0, W(r) a standard Brownian motion process, and
Asymptotic behaviour under a local trend
We now consider the effect of a local linear trend on the unit root tests discussed in Section 2 under both the null hypothesis 0 ∶ = 0 and the local alternative hypothesis 1 ∶ = − / < 0. We follow Harvey, Leybourne, and Taylor (2009) in setting = −1/2 , with κ a finite constant, using the appropriate Pitman drift on the trend coefficient; the scaling by σ means that the trend magnitude is measured relative to the standard deviation of the innovations, and again ensures that this quantity does not appear in the limit expressions. The asymptotic distributions of the four unit root tests: DF μ , KSS μ , DF τ and KSS τ are given by the following lemma.
Lemma 1
Let y t be generated according to (4)- (5) with
The null limit distributions of the DF μ , KSS μ , DF τ and KSS τ statistics are obtained as a special case of Lemma 1, on setting c = 0, so that X(r) = W(r). Note that when 2 = 0, ( 2 ( ) 2 ) = 0, and the limit distributions again reduce to those under the c = 0 null. Hence, the null can be viewed as either c = 0 or 2 = 0. The limiting distribution of KSS τ under the null corrects the corresponding result in Hanck (2012) , which in turn corrected the limits given in KSS. Hanck (2012) writes the limit of the numerator as
is the source of the discrepancy, with Lemma 1 providing the correct result.
We observe that the limiting distribution of the demeaned statistics DF μ and KSS μ depend on the trend term via κ, whilst the invariant detrended statistics DF τ and KSS τ do not. These results coincide with the behaviour of DF μ and DF τ reported in Harvey, Leybourne, and Taylor (2009) 
Asymptotic behaviour under a fixed trend
For completeness, we also consider the behaviour of DF μ and KSS μ under a fixed magnitude trend = where κ is a finite constant. The limiting distribution of the trend-invariant DF τ and KSS τ statistics do not change under a fixed trend. The limiting distributions of DF μ and KSS μ under the iid assumption for ε t are given in the following Lemma.
Lemma 2 Let y t be generated according to (4)-(5) with
Proof: See Appendix.
We note that both DF μ and KSS μ possess well-defined limiting distributions that are dependent on the local alternative parameter c. These results correspond with those found by Harvey, Leybourne, and Taylor (2009) in the case of the DF test under a linear AR alternative; indeed, as 2 → ∞, the limit of DF μ reduces to the Harvey, Leybourne, and Taylor (2009) limit. Under the null hypothesis c = 0, the DF μ limit again coincides with the null limit given in Harvey, Leybourne, and Taylor (2009) , and from Remark 5 of that paper we can state that DF μ follows an asymptotic normal distribution with mean zero and variance 1/ ( 2 + 1). This implies that for any non-zero fixed trend, DF μ will have a null limiting normal distribution with variance less than one, resulting in an asymptotically under-sized test [maximum size can be calculated to be 0.002 as in Harvey, Leybourne, and Taylor (2009)] . Similarly, KSS μ will follow an asymptotic normal distribution under the null, with mean zero and variance approximately 2.32/ ( 2 + 1) (obtained by simulation). As with DF μ , this implies an asymptotically under-sized test in the presence of a fixed trend (here, maximum size can be found to be 0.027).
Union of rejections strategies

Union of DF and KSS
To begin our numerical analysis, we abstract from uncertainty regarding the presence or absence of a trend, and evaluate the local asymptotic powers of the DF μ and KSS μ tests when no trend is present in the DGP (κ = 0), and subsequently the DF τ and KSS τ tests which are invariant to any trend. Asymptotic critical values at a nominal 0.05 significance level were first obtained by direct simulation of the limiting distributions given in Lemma 1. The W(r) processes were approximated using iid standard normal random variables and with the integrals approximated by normalized sums of 2000 steps using 50,000 Monte Carlo replications. These critical values (and those for 0.10 and 0.01 significance levels) are reported in Table 1 . Figure 1(A)-(F) show the local asymptotic powers of both DF μ and KSS μ unit root tests for six different settings of the nonlinearity parameter 2 , when κ = 0. For each of 2 = {2, 5, 10, 20, 50, 100} we consider values of c such that the power of the tests approaches one. Here and throughout the paper, asymptotic power is simulated using normalized sums of 1000 steps and 20,000 Monte Carlo replications. Figure 1(A) shows the case for 2 = 2. Here, KSS μ achieves higher power than DF μ across all values of c. This highlights the superiority of KSS tests when the degree of nonlinearity in the process is relatively large via the nonlinearity parameter in the ESTAR model being of modest magnitude. For example, when c = 99, KSS μ has power of 0.64 whilst DF μ has power of 0.49. It is clear in these circumstances that a practitioner would want to employ KSS μ to test for a unit root. In Figure 1 Figure 1(F) , 2 = 100, and DF μ displays substantially higher power than KSS μ . For example, when c = 22, the power of DF μ is 0.87 whilst KSS μ has power of 0.66. These latter figures draw attention to the power gains DF tests can have against KSS tests for large magnitudes of 2 ; recall that as 2 → ∞, the ESTAR process reduces to a linear process, hence, compared to modest values of 2 , the degree of nonlinearity is reduced for large 2 , and it is not surprising that DF power gains become apparent in these cases. Figure 2(A)-(F) show the asymptotic powers of both DF τ and KSS τ unit root tests for the same six settings of the nonlinearity parameter g 2 and the same range of values for the local alternative parameter c. Given that both tests are trend-invariant, the setting of κ used in these simulations is irrelevant. Figure 2 (A), where g 2 = 2, shows that, for modest magnitudes of the nonlinearity parameter, KSS τ has power gains over DF τ , due to a high degree of nonlinearity in the process. For example, for c = 171, KSS τ has power of 0.61 and DF τ has power of 0.51. We note that these power gains are smaller than those seen in the demeaned case in Figure 1 ; as we would expect, for the same values of c, both detrended tests have less power than their demeaned counterparts. In Figure 2 (B), where g 2 = 5, KSS τ still maintains a power advantage over DF τ , but these gains are diminished compared to the previous figure. Figure 2 (C)-2(F) show that as the value of g 2 increases, the relative power performance of DF τ to KSS τ improves, to the point where DF τ outperforms KSS τ , in line with the degree of nonlinearity reducing. For example, for g 2 = 100 and c = 30, the power of DF τ is 0.90 and the power of KSS τ is 0.67. This mirrors the results of the demeaned tests. The results from Figure 1 and Figure 2 show that the relative powers of the DF and KSS tests are very sensitive to the degree of nonlinearity under the ESTAR alternative, with the KSS test offering greater power for modest magnitudes of the nonlinearity parameter, and the DF test displaying relatively higher power for larger magnitudes. Given that the degree of nonlinearity is almost certainly unknown in practical applications, these results highlight the potential benefits of a testing strategy that combines inference from the DF and KSS tests. We therefore want to employ a testing strategy that can capitalize on the respective power advantages of the DF and KSS tests, regardless of the degree of nonlinearity under the ESTAR alternative. In line with the suggestion of DK, we now consider two union of rejections strategies, cf. Harvey, Leybourne, and Taylor (2009) , one that combines DF μ and KSS μ (for the case of no trend), and one that combines DF τ and KSS τ (for the trend case).
The union of rejections approach is a simple decision rule where the null hypothesis of a unit root is rejected if either of the individual tests reject. We can write our proposed union of rejections strategies as
where and denote the asymptotic null critical values of DF i and KSS i respectively for a significance level α. Note that if we simply rejected the null hypothesis whenever either DF i or KSS i is smaller than its respective (unscaled) critical value, an over-sized procedure would result, hence we incorporate the scaling constant , calculated such that the asymptotic empirical size of U i equals the nominal size α. The decision rule can also be written as
The limiting distribution of , under a local trend, is then given by a function of the limiting distributions derived in Lemma 1:
where and denote the asymptotic distributions of DF i and KSS i , respectively, given in Lemma 1. To obtain the appropriate value for the scaling constant , we can simulate the limit distribution of and calculate the α level critical value . Computing = / will then give the value for the scaling constant that ensures U i is asymptotically correctly sized. Asymptotic scaling constants for nominal 0.10, 0.05 and 0.01 significance levels are given in Table 1 . Figure 1 also displays the power performance of U μ for g 2 = {2, 5, 10, 20, 50, 100}. Figure 1(A) shows asymptotic power of U μ for g 2 = 2. We see that the power of U μ dominates that of DF μ for all values of c, with its power curve lying just underneath that of KSS μ for approximately c ≤ 108, and with power rising above both KSS μ and DF μ beyond this point. U μ is therefore able to capture the power advantage offered by KSS μ in this modest nonlinearity parameter magnitude case. For g 2 = 5 in Figure 1(B) , we see that, again, U μ outperforms DF μ across all values of c, and offers power that is very slightly below that of KSS μ for lower values of c, and slightly above at higher values of c. In Figure 1(C) , where g 2 = 10, the power curve of U μ closely tracks that of whichever test, KSS μ or DF μ , is superior for a given c. In Figure 1 (D)-(F), as the value of g 2 increases, the power of U μ now dominates that of KSS μ and closely tracks that of DF μ for all values of c. U μ therefore provides power near the effective envelope offered by KSS μ and DF μ across all values of the nonlinearity parameter g 2 . Figure 2 shows the power performance of U τ for the same six settings of g 2 . We observe a very similar pattern of behaviour, relative to the DF and KSS tests, to that seen in Figure 1 . In Figure 2 (A) and 2(B), the power of U τ dominates that of DF τ and closely tracks that of KSS τ . In Figure 2 (C), as the power curves of the two individual tests intersect, we see that the power of U τ is marginally higher than both of these tests for most values of c. As the nonlinearity parameter, g 2 , increases in Figure 2 
Union of demeaned and demeaned and detrended tests
The above results clearly illustrate the benefit of employing a union of rejections procedure in practice where the degree of nonlinearity is unknown. However, we have so far assumed that it is known whether or not the DGP contains a linear deterministic trend, so that a practitioner would know whether to apply U μ or U τ . In practice, there will be uncertainty about the presence or otherwise of a trend in many economic time series. In Section 3, we showed that the limiting distributions of DF μ and KSS μ , under both local and fixed trends, are not invariant to the trend, suggesting that the power of these tests may be compromised if a linear trend is present in the DGP. Whilst this might suggest that a conservative strategy of always using U τ should be employed, Harvey, Leybourne, and Taylor (2009) show that, in the context of a linear AR DGP, DF μ has a substantial power advantage over DF τ when no trend is present in the DGP, and might also be expected to offer some power gains for very small trend magnitudes. We therefore investigate the power performance of U μ and U τ when a local trend is present in the DGP.
Figure 3- Figure 5 show the asymptotic power of U μ and U τ for six different settings of the local trend coefficient, κ = {0, 0.25, 0.5, 1, 2, 4} and three different settings of the nonlinearity parameter g 2 = {2, 10, 50}. In Figure 3 , we set g 2 = 2; Figure 3 (A) shows the power of U μ and U τ when κ = 0 such that no trend is present in the DGP. We see that U μ significantly outperforms U τ across all values of c. For example, when c = 135, U μ has power of 0.83 whilst U τ has power of 0.50. This highlights the potential losses involved in always employing the trend-invariant U τ when there is uncertainty about the presence or otherwise of a linear trend. In Figure  3 (B), κ = 0.25; the presence of this linear trend has decreased the power of U μ such that, for c = 135, power has dropped to 0.56, only marginally higher than that of U τ . When the local trend coefficient increases to κ = 0.5 in Figure 3 (C), the power of U τ now dominates that of U μ . Figure 3(D)-(F) show that as the trend magnitude continues to increase, the power of U μ deteriorates dramatically, such that for κ = 1 in Figure 3(D) , U μ has power lower than size for most c, and for κ = 2 and κ = 4 in Figure 3 (E)-(F), the size and power of U μ approach zero. Almost identical patterns of behaviour are observed for g 2 = 10 and g 2 = 50 in Figure 4 and Figure 5 respectively. These results demonstrate the potential losses that a practitioner can make if they fail to choose the appropriate deterministic specification for unit root testing. Given that, in practice, the presence or otherwise of a linear deterministic trend will often be unknown, we propose a further union of rejections procedure that combines information from U μ and U τ by taking a union of rejections of all four individual tests DF μ , KSS μ , DF τ and KSS τ . This proposed testing strategy can then be written as
The limiting distribution of
4
, under a local trend, is then given by
Values of the scaling constant 4 required to control the asymptotic size of U 4 are given in Table 1 for 0.10, 0.05 and 0.01 significance levels. Figure 4 and g 2 = 50 in Figure 5 . Across all settings of κ, U 4 has superior power performance to the worst-performing test of either U μ and U τ whilst tracking underneath the power of the best-performing test. These results demonstrate that U 4 provides a strategy for unit root testing against ESTAR alternatives which offers decent power levels across different trend magnitudes, including the case of no trend, as well as across the degree of nonlinearity under the ESTAR alternative.
Use of trend detection
A potential drawback of combining all four individual tests is that as the number of tests within the union of rejections procedure increases, the asymptotic scaling value, λ α also increases to ensure the overall procedure is asymptotically correctly sized. As λ α increases, so too does the chance that the union of rejections procedure will fail to reject the null hypothesis of a unit root even if one or more of the individual tests is able to reject at the same level of significance. In a related setting, Harvey, Leybourne, and Taylor (2012) note that use of information regarding the presence of a trend can be applied to reduce the number of tests entering the union of rejections in certain cases, reducing the extent of the required critical value scaling. Given that the asymptotic size and power of U μ decreases as the trend magnitude increases, it follows that the DF μ and KSS μ tests are redundant in U 4 for large trends. This implies that U 4 is correctly sized for β = 0 but under-sized elsewhere, resulting in a loss of power. Therefore, for large enough values of the trend, we want to eliminate U μ from our testing strategy and use U τ rather than U 4 .
Following in the spirit of Harvey, Leybourne, and Taylor (2012) , we propose using a hybrid testing strategy where a BIC procedure is used to detect the presence of a trend. If evidence of a trend is apparent, we can be confident that a trend of reasonably large magnitude is present in the data, and hence that use of U τ is appropriate, with little to be gained by also including DF μ and KSS μ in the union of rejections. However, if no trend is detected by the BIC procedure, it would be unwise to confidently infer that no trend exists and use only U μ , since a small magnitude trend could still be present in the data (which could have a substantial impact on the power of U μ ), but its magnitude not sufficient to have triggered detection by the BIC procedure. Consequently, if no trend is detected by the BIC, we default to the risk-averse approach of using U 4 , retaining the DF τ and KSS τ tests as well as the DF μ and KSS μ tests in the union of rejections. This approach therefore uses the information from the BIC in an indicative manner, rather than as a standard model selection procedure, consistent with the approach of Harvey, Leybourne, and Taylor (2012) .
Our procedure is devised as follows. Consider the null DGP
If β = 0 such that no trend is present, then Δ = , while if β ≠ 0, then Δ = + . Treating these two possibilities as regression models, we can select between them on the basis of the BIC. Specifically, consider the two corresponding residual serieŝ1
The BIC for each model is then
If BIC 2 < BIC 1 then there is evidence that a trend is present in y t , and therefore U τ should be applied in place of U 4 . We can write this testing procedure formally as
When no trend is present in the DGP, U * will select U 4 with probability one in the limit. When a fixed magnitude trend is present, it is U τ that will be selected asymptotically with probability one. Hence U * will be asymptotically correctly sized under no trend or a fixed trend, and would be expected to achieve greater power than simply using U 4 whenever a trend of large magnitude is present in the data. In the next section we consider the finite sample performance of U * to quantify the potential gains that this approach can offer.
Finite sample simulations
In this section we consider the extent to which asymptotic power is a good indicator of finite sample performance by simulating the four individual test statistics DF μ , KSS μ , DF τ and KSS τ as well as the three union of rejections procedures U μ , U τ and U 4 using a sample of T = 100 observations. In addition, we examine the finite sample power of our trend detection-based U * procedure. We use the same values of g 2 and c used in our asymptotic simulations. As before, we use 20,000 Monte Carlo simulations and the asymptotic critical values and scaling constants given in Table 1 . Figure 7 (A)-(F) when finite sample power results for DF τ , KSS τ and U τ are considered. Again, we see that KSS τ has higher power relative to DF τ for lower settings of g 2 , but that the relative power ranking is reversed for higher settings of g 2 . We show that U τ has power either close to or above the power offered by the best-performing of either DF τ or KSS τ for all values of c and g 2 . Figure 10 report finite sample power results of U μ , U τ and U 4 for three settings of the mean reversion parameter, g 2 = {2, 10, 50}. We set β = {0, 0.025, 0.05, 0.1, 0.2, 0.4} such that for T = 100 these values coincide with the local trend values considered in the previous asymptotic analysis. The behaviour of U μ , U τ and U 4 is very similar to that observed in the asymptotic simulations. We see that the power of U μ decreases as β increases, such that in Figure 8 (A), where g 2 = 2 and β = 0, U μ has a substantial power advantage over U τ , but for higher values of β the power of U μ tends to zero. U 4 is able to capitalize on the differing power profiles of U μ and U τ and captures much of the power gains associated with U μ for small trends, and U τ for large trends. An almost identical pattern of behaviour is seen for g 2 = 10 in Figure 9 and g 2 = 50 in Figure 10 . Figure 8-Figure 10 also report results for the U * procedure which selects between U τ and U 4 on the basis of the BIC trend detection procedure. The power of U * equals that of U 4 for smaller trend magnitudes, i.e. β ≤ 0.1, as here the trend is not detected by the BIC. In Figure 8 (E), we see that when β = 0.2, U * is selecting U τ in some replications due to detection of a trend by the BIC, and correspondingly, the power of U * is marginally higher than that of U 4 . In Figure 8 (F), when β = 0.4, the trend is now detectable in all replications, and U * always selects U τ , so that the power of U * equals that of U τ , and therefore exceeds that of U 4 by a substantial margin. The same pattern of results is seen in Figure 9 and Figure 10 , where higher values of g 2 are considered. These results show that the overall power performance of U 4 can be improved by incorporating a trend detection procedure. In our simulations, U * never has lower power than U 4 , but when a large trend is present in the data, U * achieves higher power than U 4 by defaulting to U τ .
Empirical example
To demonstrate the practical use of our proposed union of rejection procedures, we undertake an empirical application of the unit root tests considered in this paper to energy consumption data. Economists are keen to understand whether shocks to energy consumption have permanent or transitory effects. If energy consumption follows a unit root process, then shocks to world energy markets have a permanent effect. This is likely to have implications for policymakers who wish to set government targets relating to energy consumption. Additionally, an understanding of the statistical properties of energy consumption is required in order to reliably model the relationship between energy consumption and other macroeconomic variables. In recent years, a growing number of studies have been dedicated to understanding the integration properties of energy consumption. For a review of this literature see Smyth (2013) . In a recent study, Hasanov and Telatar (2011) apply the four individual unit root tests DF μ , DF τ , KSS μ and KSS τ to annual total energy consumption per capita data obtained for 178 countries across the time period 1980-2006. 3 At a 0.10 significance level they are able to reject the null hypothesis of a unit root for 55 out of the 178 countries using DF μ and DF τ tests and for 71 countries using KSS μ and KSS τ tests. Combining results from these different test procedures, they suggest that the null hypothesis of a unit root can be rejected in many of the countries considered. Implicitly, this strategy of testing for a unit root is equivalent to a union of rejections procedure that does not apply a scaling constant to the critical values of the individual tests. As discussed in Section 4, without this scaling constant the union of rejections procedure will be over-sized. Caution must therefore be exercised over any inference made from the combination of results provided by these individual tests, as the high number of rejections could be due to over-sizing.
We obtain total energy consumption per capita data from the Energy Information Administration as Hasanov and Telatar (2011) do. Our sample covers 180 countries and a slightly longer time series from 1980-2011. We apply the four individual unit root tests, DF μ , DF τ , KSS μ and KSS τ , as well as the four union of rejections procedures considered in this paper, U μ , U τ , U 4 and U * to this data. Serial correlation in the data is accounted for by augmenting the test regressions with lagged differences of the dependent variable. The optimal number of lagged difference terms is chosen using the MAIC procedure of Ng and Perron (2001) , with a maximum of 6. Given the small number of observations available per country, we want to minimize any size concerns that might arise with using asymptotic critical values. Su, Cheung, and Roca (2013) show that in finite samples the KSS μ and KSS τ unit root tests suffer from smaller size distortions when MAIC is used to select the optimal number of lags rather than the sequential downwards testing method of Ng and Perron (1995) .
Results from our unit root testing exercise are given in Table 2 and Table 3 . For the 60 countries where at least one of the four individual tests rejects at a 0.10 significance level, the countries are listed in Table 2 , detailing the significance levels at which rejections are obtained by the different tests. Table 3 lists the remaining countries for which we failed to reject the null hypothesis of a unit root using any of the four individual tests. We note that of the four individual test procedures, KSS τ is able to reject the null hypothesis of a unit root more often than the other procedures. Indeed, at a 0.10 level of significance the difference between the number of rejections found by KSS τ (40) is substantially higher than that found by the next most frequently rejecting test, KSS μ (29). The pattern of rejections found by these four individual tests allows us to demonstrate the advantages of our union of rejections procedures. For example, a rejection of the null is found for Kenya [see It is also to be expected from the simulation results that there will be cases where the union of rejections procedures fail to pick up some rejections found by individual tests, and we can see examples of this in the results, for example there are a number of countries for which one of the individual tests rejects at the 0.10 level, but U * does not reject at conventional significance levels. There is also one case (Bhutan), where U * fails to reject when U 4 rejects at the 0.01 level; here, the BIC is suggesting the presence of a trend, but the rejection is lost since it only arises from application of KSS μ . Overall, however, the results clearly demonstrate the ability of the union of rejections procedures to capitalize on the differing rejections offered by the four individual unit root tests. In total, the union procedure U μ is able to reject the null for a higher proportion of countries than the individual test DF μ at all conventional significance levels, and rejects a higher proportion of countries than KSS μ at a 0.05 significance level. Similarly, U τ rejects the null more frequently than either DF τ or KSS τ at all conventional levels of significance. Our proposed U 4 procedure is able to further capitalize on the differing rejections offered by demeaned and detrended unit root tests, and rejects for a higher proportion of countries than U μ at all conventional levels of significance and U τ at a 0.10 level. Finally, our BIC-based strategy, U * , rejects the same number of times as U 4 and U τ at a 0.01 level of significance and a higher proportion of the time at both 0.05 and 0.10 levels. Therefore we conclude that the highest number of rejections across all 8 unit root testing procedures considered in this exercise was achieved by U * at 0.05 and 0.10 levels and by U * , U 4 and U τ at a 0.01 level. This provides clear justification for the use of our proposed union of rejections procedures in empirical applications. We can also conclude that, compared with Hasanov and Telatar (2011) , at a 0.10 significance level we find evidence of stationarity in, at most, 45 countries out of 180. This suggests that nonstationarity in energy consumption may be less prevalent than previously thought.
Conclusion
In this paper, we have examined the power performance of DF and KSS unit root tests against an alternative hypothesis of ESTAR stationarity. Our analysis focused on prior demeaned, and demeaned and detrended test statistics. We highlighted the sensitivity of these tests to both the degree of nonlinearity under the ESTAR alternative and to the presence or otherwise of a linear deterministic trend. In practice, these are likely to be sources of uncertainty in unit root testing. We therefore proposed four union of rejections strategies that attempt to mitigate against this uncertainty while capitalizing on the power available from each individual DF and KSS test under different degrees of nonlinearity and trend magnitudes. Both asymptotic and finite sample power simulations were undertaken, and we found that a union of rejections procedure that combines all four individual tests offers attractive levels of power across different nonlinearity and trend settings. Also, a hybrid approach that uses information from a BIC approach to trend detection to select between this four-way union of rejections and a union of rejections based on just the trend based DF and KSS variants, was found to improve power still further when the magnitude of the trend is large. An empirical example using energy consumption data highlighted the potential usefulness of this testing strategy in practice.
A Appendix
Due to the invariance of all statistics to μ in (4), we set μ = 0 in what follows, without loss of generality.
Proof of Lemma 1
The DF μ test statistic is given by
wherê2 denotes the error variance estimate from the OLS regression of Δy t on , −1 . Considering first the numerator of DF μ , we can write ) + ( )) ( ).
In the denominator of DF μ , it is easily shown that̂2 → 2 , and and for the denominator we obtain
